
&UTION SHEET 10 :

Problem 5 : First recall that S2f(o, + , g) = 0
. f(e ,g) - floe ,gl+ flo, zg)

- f(0 ,2)

Using S2f = 0 we write,

g(5 ,e) + nflo , i) = g(o ,e) +Egeaflo ,el

= Egealf(o ,g) + of (eg) - flotig) + flo , e)) = 0

Now notice that glo, e) = S2/Egegflo ,g))(t) therefore Inf] = 0 in

H21G ,M) - MHz/GiMI = 0.

Problem 6 :

(i) Let us show that S(frm) = 0.

8) (f(oi ,oil (04) = dif (0 · 04) - floi + i , oh) + f(oi , 05+h) - f(oi , oi) .

First Suppose that itj, n
, if jtk<n then floiti , okl = 0 = flo;,oth

andoif (oi , ohl = o :. m = m = flo ,
oil e Sflsi , si, oklo

-

I jthan then diflisol-0 = floit,okl and floi ,
oith) = m = flo, oil

-> Sf15i , 5) , 04150 .
The same reasoning works for itjin ,

this shows that

Stm= 0
.

&
(ii) me fin induces a morphism MG-> Ker(S2) now let m Eim(T) i. e

m =Zoi .
V for some VEM

.
Let us show that fine im (S2).

Gm 109 ,
04 = (iG

a+b

Let I be a 1-cochain recell that

S2g(59 , 84) = oag(ob) - g(oa
+y) + g(09) . Defining g(0%=Zoiv

we see that S1g = From . Therefore ↑ (im(T)) [im (S1)
we obtain a morphism 5 : MY/imT + H2(G ,

M)
.

Let us start by showing that MG-H2)G ,M) is subjective · Letheke(sul
Let us show that his cohomologous to fin where m = Zehlopa.

Now as heker (S2),
Shloi, jok) = Jih(oiol-h(oi+,4) +h(oi , i +h-1)-h10i ,05 1=0

=> hi
,
oth = hoi ,wi-wihlostol + hloi+i-1

,
okl setting k= 1 we get

h(oi ,
oil = h(0i , 05 - 1-oihloid+ hoits

, of

using this relation now on Klei , sit) we get
Ulri ,
oil = hisi

,
gi-2-oih(55-2, 01 + Hloitj-2ol + win los ,

of thloitsyo

repeating this we get

hai
,
sil = hi ,1)-sichlor ,d+2 hota-Zhloa

Claim : For any feker(s) we can find a cohomologous I such that



g (0 ,
1)= g(0 , 1) = g(1 ,1) =0

.

Proof : Let feker(S2) , define hol = flo ,) and g
= f-Ith the

clearly fand g are cohomologous. Now

Sch(5 ,+)= oh(e-hisel thi = offe .1) - flot , 2) + flo, 1)
= f(0. 1)

where the last equality holds as fekersz .

This shows that g(0 ,11 =0

It is easy to show that for geterb we have g(1 , 11 = gloid) = gla ,d
D

.

Thanks to the claim we get h(0" ,
11=0 ->

h(oi ,vi) =
-oizhot ,o + Zthlot ,-Ehlot ,

o

Now define q a 1-cochain as gloi)= floo . Finally ,
it can be

shown that fin-h(oi ,2) = Sep 10 ,
5i)

.
This shows that

MG/inT -H2(G ,M) is subjective.

It remains to show that it is injective .

To this end suppose that fins
and fina are cohomologous. Then

fre(ti ,sil = faltisil + Syg(si ,oil = frez(5 , sil+ oigloil -g(oi+ j) + g(oi).

For jt we get frazlool-fmz(05) + gloit) - gloil = sigh)

Therefore,

TIglo)= righ = 2, fmzlo ,-feloid + gloit) - gloil - Re-m2 .

this snows that MG/imT-H2)G ,M) is injective and finishes theproof .

Problem7 :

(i) The goal is to show that S1gm) = 0. Recall that

Sgm(0 ,
05) = oigm(oi)-gmloiti) + gm(si) .

(*)

First suppose that itjan then

(*) = oi (2 km) -Zim +Zookm = 0
.

Now if itjon then,

# = oilm+
-

+i m) - (m +
-

+ gi +j
- n-m) +24m

= Niml =0
.

(ii) By the first point , misgi defines a map
keli-KerlSil -> H1G ,M) .

Now let us show that if m fimD then [gm] = [0JCH2 (G , M)
.

Write m = on-n then gm(si) = m + Om + -
+ Si+

m = Gi+ n -neSo(n)(i)
and gm = Sn => [gm] = 0-H1 (G , M)

. Therebe the above map induces a map
KerT/imD Fe H11G ,M)

-

Let us show that It is injective .

Suppose that [gm1] = Igm) then gmiloil -

go (oil = Soln) (oil for somen

this gml - gm(5) = mi - m = on-ntimD
.
This shows that it is injective .



It remains to show that it is surjective .
Let fekers define meflol and let us

Show that [f] = [fm] EHI(G ,M).

As Set = 0 we have oitfls)-floil + floi-1) = 0 then

floil = di-f(s) + f(sit)
= oi-1f(s) + oi-2f(o) + floi- 4

:

= dif(o) + gi-2f(d) +
-

+ fol + f(1) = fi (oil
This finishes the proof that H21G ,M)= KerLTY/imD.

Problem S :

(i) Let us show thatA is associative >f is a C-cocycle
It is enough to show this at the level of the basis elements.

Let g , h , keG ,
then

laegebenl * C .er = ag(b) . flgh) .egn * Cen

= a
. g(b) . f(g ,h .(gh)(cf(gh , k)eghk

on the other hand

Gege (benecek) = Geg * (6 . h(c) . flh,k)en
= ag(b .h(c . f(hik)) .f(g : hk) egur

So we should show that
a g(6) .ghc .gf(h,

k)
. flgihk) = alg . 6)

. fig ,
h)

. (gh .
( fighill

it is equir , to showing that
g) f(hik) . f (gihk) = f(gih) . figh ,

b)
which is exactly the 2-cocycle condition .

(ii) We define a morphism of K-algebras & :Vf-Mn(K) by
↓ (ed = o and extending it K-linearly. Now to see that I is an iso.

note that dimVf = IG) and dimal = IG) therefore dimVf = /Gl=dimMnK
and it suffices to show thatI is injective .

Suppose that $(Zapeo) = 2000 = 0
, by Deckind's independence lemma

this implies that as = 0 o e 2008 = 0 and o is injective .

(iii) Suppose that [f]= [g]CH2(G ,2) .
That is f/g EimSe => Jh : G-> (* such

that f/g( ,+ = Schlo ,el = ohtil
. hoel ! hot .

=> floel = oh(e) .hie)hid ,glore) .

Define V GeVg by ef-hol .es where Seftoeg is the basis ofVf
andRehea that of Vg.
It is clear that I has on invese and so is bijective .

It remains to see that it

is a morphism of K-alg.

6) (aefa bet) = d(a .0(b)
. f(0,e) . evel

= (a .
8(6)

. Oh(el . hisel holgloel.evel
= ahlo .

Olb
.
Hell

. gloiel . For
= a .hls) . eg *G .hel = Pla . eg) * $16 .e) .

(iv) RecalthatGuido whereisthecomplex conjugatina

flid ,
id)= floid) =flido) = 1 & floo = -1

.



Then Vf = CXid CXo and the map Vf- given by
CXid+ dXj +> C+ jd is an isomorphism

Note that here H consists of numbers of the form atbitCj +dk with a
,
6, c,

d

EIR & i2 =j=k= - 1 and k= ij = -ji .


